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A simple method for determining the true
specific fracture energy of concrete
B. L. Karihaloo, H. M. Abdalla and T. Imjai
Cardiff University
In a recent paper, Abdalla and Karihaloo confirmed the boundary effect hypothesis of Hu and Wittmann and
observed that a size-independent specific fracture energy GF of concrete could be obtained by testing three point
bend (TPB) or wedge splitting (WS) specimens containing either a very shallow or a deep starter notch. This
observation was based on TPB and WS tests on limited number of specimens. In this paper, we have re-evaluated
26 test data sets on specific fracture energy of concrete published in the literature to assess the validity of this
observation. The re-evaluation is found to support this observation. The determination of the true specific fracture
energy GF of concrete thus becomes a simple and straightforward task requiring very few specimens of the same
dimensions and shape. This re-evaluation also provides guidance for the selection of the specimen dimensions
depending on the maximum size of aggregate used in the concrete mix in order to obtain its true GF.
Introduction
The true specific fracture energy of concrete GF is the
most useful material parameter in the analysis of
cracked concrete structures.
1
The test method for the
determination of GF and even its precise definition has
been a subject of intense debate among researchers
because it has been found to vary with the size and
shape of the test specimen and with the test method
used. Guinea et al.
2
identified several sources of energy
dissipation that may influence the measurement of GF ,
of which the curtailment of the tail part of the load–
deformation diagram in a test is the most important.
3
Hu and Wittmann
4
also addressed the issue of the
curtailment of the load–deflection plot when the load
tends to zero, i.e. the growing crack approaches the free
surface of the test specimen. In a series of papers,
5,6
they argued that the effect of the free boundary is felt
in the fracture process zone (FPZ) so that the energy
required to create a fresh crack decreases as the crack
grows. Initially, when the crack grows from a pre-exist-
ing notch, the rate of decrease is moderate but it accel-
erates as the crack approaches the free boundary
(Fig. 1). Therefore, they represented the change in the
specific fracture energy by a bi-linear approximation,
as shown in Fig. 1. The transition from the moderate to
the rapid decrease occurs at the so-called transition
ligament length
7
that depends on the both the material
properties and specimen size and shape. In general the
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Fig. 1. A notched test specimen of depth W and notch depth a
(a) showing the distribution of specific fracture energy (Gf )
along the un-notched ligament, W-a (b)
transition ligament length al is smaller than the un-
notched specimen ligament (W-a). On the basis of the
bi-linear approximation, the size-independent specific
fracture energy GF can be back calculated from the
measured specific fracture energy Gf (a/W ) from
G f (a=W ) ¼
G f 1 a1=W
2(1 a=W )
 
; 1 a=W . al=W
G f .
(1 a=W )
2(al=W )
; 1 a=W < al=W
8><
>:
(1)
Duan et al.
5,6
used the test results for Gf (a/W ) from
the three point bend (TPB) tests conducted by Nal-
lathambi et al.
8–10
It is customary to test specimens of
varying size W and several notch to depth ratios a/W,
but to keep the span to depth ratio of TPB specimens
constant. The number of the measured Gf (a/W ) values
is therefore much larger than the two unknowns GF
and al in equation (1). For this reason the overdeter-
mined system of equations is solved by a least squares
method to obtain the best estimates of GF and al. Duan
et al.
5,6
showed that although the measured values
Gf (a/W ) depend strongly on W and a/W the above
procedure indeed leads to a GF value that is essentially
independent of the specimen size W and geometry a/W,
provided the span to depth ratio is constant.
This was confirmed by independent TPB and wedge
splitting (WS) test results on three different mixes by
Abdalla and Karihaloo.
11
In the process of analysing
the measured Gf (a/W ) values as per the free boundary
effect model, they observed that the GF value of each
of the three concrete mixes could also be obtained from
just two mean values of Gf (a/W ) measured on speci-
mens of any size W and shape, provided the notch to
depth ratios a/W were well separated and not close to
each other. If this observation were confirmed on a
large body of independent test results, then the deter-
mination of the true specific fracture energy of con-
crete GF would be a simple and straightforward task. It
would require testing of just a few specimens of any
one overall size and shape with two notch to depth
ratios and the solution of two simultaneous equations
(1) in two unknowns GF and al using the mean values
of Gf (a/W ) for the two a/W values. This would not
only eliminate the use of least squares method for the
solution of an overdetermined system of simultaneous
equations but, more importantly, eliminate the time
consuming and often cumbersome (when large speci-
mens are required for testing) testing of a large number
of specimens with different W and a/W.
It is the aim of the present paper to re-evaluate the
test data on measured specific fracture energy of con-
crete mixes available in published and/or easily acces-
sible literature with a view to assessing the validity of
the above observation. This re-evaluation confirms the
observation made by Abdalla and Karihaloo
11
and
paves the way for a simple and practical means of
determining GF of concrete. It also provides guidance
for the selection of the specimen dimensions based on
the maximum size of the coarse aggregate used in the
concrete mix in order to obtain its GF that is truly
independent of the shape and size of the test specimen.
Re-evaluation of existing Gf (a/W) data
There is a large body of test data on the specific
fracture energy of concrete available in published and/
or easily accessible literature. In almost all cases, the
specific fracture energy Gf (a/W ) was calculated ac-
cording to the RILEM recommendation
12
as the aver-
age energy obtained by dividing the total work of
fracture by the projected fractured area (i.e. the area of
initially unnotched ligament of the specimen). In the
two most commonly used test specimen geometries,
TPB and WS (Fig. 2), the total work of fracture is the
area under the load-central deflection diagram or the
load–crack mouth opening diagram and the projected
fractured area is (W-a)B (see Fig. 2).
Of this large body of available test data, a substantial
proportion is unusable for the present purposes, be-
cause it pertains to a single a/W ratio (¼ 0·5), albeit for
different size specimens. This single to depth ratio was
recommended in the RILEM report
12
based on the data
collected during a round-robin testing programme.
13
For the present work, it has been possible to gather
26 data sets obtained from TPB tests on different con-
crete mixes,
14,15
excluding the 10 data sets on which
the original observation of Abdalla and Karihaloo
11
was based. Each data set includes Gf (a/W ) values
measured on TPB specimens of the same depth W but
containing different starter notches, i.e. variable Æ ¼ a/
W ratio. These 26 data sets are listed in the Appendix.
Each set is provided with details of the specimen size
and geometry, together with as much detail of the con-
crete mix and its mechanical properties as was avail-
able in the source.
The data sets have been grouped in the following
order. First, the data sets for the same mixes obtained
on specimens of identical span to depth ratio and
width, B (sets 1,2 and 3–5). These are followed with
the data set 6 referring to the same mix as sets 3–5 but
on specimens with a larger span to depth ratio. The
next three quartets of data sets (sets 7–10 , 11–14 and
15–18) each refer to the same mix but for specimens
with different span to depth ratios. These are followed
by two quartets of data sets (sets 19–22, and 23–26)
obtained on geometrically identical specimens but from
mixes differing by water to cement ratio and texture of
coarse aggregate.
Data sets 1 and 2 are rather special and very reveal-
ing. The Gf (Æ) value was calculated for small incre-
ments of crack extension ranging from Æ ¼ 0·295 to
Æ ¼ 0·908 in set 1 and from Æ ¼ 0·375 to 0·883 in set
2. The measured Gf (Æ) values are plotted in Figs 3 and
Karihaloo et al.
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4 against Æ. The variation of Gf (Æ) with Æ is very
similar to that assumed by Hu and Wittmann
4
in the
development of their model based on the effect of the
free boundary on the fracture energy.
The measured values of Gf (Æ) in each data set have
been fitted by a second order polynomial to reveal the
trend as Æ increases. This trend is best captured by
Gf (Æ) ¼ A0 þ A1Æþ A2Æ2 (2)
A regression analysis was performed on the measured
values of Gf (Æ) to determine the coefficients Ai (i ¼
0,1,2) that best fit the data. Apart from data sets 1 and
2 in which there is a large scatter in the measured
Gf (Æ) values (see Figs 3 and 4), the coefficient of
determination R2 value of all the data sets is close to 1.
This is not surprising since the data sets 3–26 consist
of 5 or 6 data points, each of which is in turn, the mean
of between 3 and 11 test results, whereas sets 1 and 2
consist of greater number of individual test results. The
values of Gf (Æ) resulting from the smoothing proce-
dure are denoted Gf (Æ) and tabulated alongside Gf (Æ)
in the Appendix. The result of the smoothing procedure
is shown in Fig. 5 on three typical data sets. The Gf (Æ)
values are used instead of Gf (Æ) in equation (1).
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Fig. 2. Specimen shapes and dimensions: (a) Wedge splitting (WS) specimen; (b) Three point bend (TPB) specimen
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Fig. 4. The variation of Gf (Æ) with notch to depth ratio for
data set 2 showing the best-fit curve
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Fig. 3. Variation of Gf (Æ) with notch to depth ratio for data
set 1 showing the best-fit curve
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Fig. 5. Variation of Gf (Æ) with notch to depth ratio for data
set 23 (top), set 3 (middle) and set 12 (bottom), showing the
best-fit curves
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Results and discussion
Table 1 gives the value of the specific fracture en-
ergy GF of each set obtained by considering all notch
to depth ratios and solving the overdetermined system
of simultaneous equations (1) by a least squares meth-
od. The table also gives the value of GF of each data
set obtained by considering only the smallest and the
largest notch to depth ratios and solving the system of
two equations (1) in two unknowns GF and al. A com-
parison of the two GF values so obtained for each
concrete mix (i.e. each data set) clearly shows that the
specific fracture energy GF can indeed be obtained
from the mean Gf (Æ) values measured on a few speci-
mens of the same overall dimensions and shape but
with half of them containing a very shallow starter
notch and the other half a deep notch. The difference in
the value of GF should therefore only be due to the
differences in the mix properties, i.e. water to cement
ratio, maximum aggregate size and cement content. For
a given mix, the GF value should be independent of the
size of the specimen. This is confirmed by a compari-
son of GF values of data sets 1 and 2 , and of sets 3–5.
The GF in each instance is nearly the same for the
same mix although it has been obtained from tests on
specimens with different depths, W, but identical B and
span to depth ratio (Fig. 6).
A closer examination of the GF values (Table 1) also
reveals that GF is indeed a constant for a given mix
provided the specimens with different depths, W, have
Table 1. The specific fracture energy GF obtained from single specimen size and two extreme notch to depth ratios, compared
with GF obtained using all notch to depth ratios. The span to depth ratio of the specimen and the maximum size of aggregate
used in the mix allow comments to be made as to the true value of GF (last column)
GF : N/m
Set no. S/W da (mm) w/c ratio Aggr.
type
All values of
a/W
Extreme values
of a/W
Comments on GF
1 3·75 19 0·50 160·11 160·11 True GF , 160·11 N/m
2 3·75 160·90 160·90
3 6·00 135·60 131·50
4 6·00 20 0·50 RRG 133·80 133·80 True GF , 122·80 N/m
5 6·00 131·70 131·70
6 7·14 122·80 122·80
7 3·92 88·30 82·90
8 3·13 10 0·50 RRG 96·90 94·40 True GF  82·90 N/m
9 2·63 103·90 100·30
10 1·96 123·40 119·50
11 6·25 78·20 78·20
12 5·26 14 0·50 RRG 95·80 95·80 True GF , 78·20 N/m
13 3·92 121·70 121·70 (see note in text about the
14 3·15 145·30 141·50 correctness of this value)
15 7·89 94·70 92·50
16 5·88 20 0·50 RRG 109·80 107·60 True GF  92·50 N/m
17 4·72 137·93 135·10
18 3·95 156·10 151·60
19 5·88 20 0·50 RRG 119·80 119·80 True GF , 119·80 N/m
20 5·88 20 0·55 RRG 117·80 117·80 True GF , 117·90 N/m
21 5·88 20 0·60 RRG 90·40 90·40 True GF , 90·40 N/m
22 5·88 20 0·65 RRG 90·10 90·10 True GF , 90·10 N/m
23 5·88 20 0·50 CRG 167·50 167·50 True GF , 167·50 N/m
24 5·88 20 0·55 CRG 153·40 153·40 True GF , 153·40 N/m
25 5·88 20 0·60 CRG 145·50 145·50 True GF , 145·50 N/m
26 5·88 20 0·65 CRG 100·20 100·20 True GF , 100·20 N/m
RRG rounded river gravel
CRG crushed river gravel
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Fig. 6. GF of the concrete mix of sets 3–5 obtained from
specimens of different depths but the same span to depth
ratio. For comparison the slightly smaller GF of the same mix
(set 6) obtained from specimens with larger span to depth is
also included. This last value is closer to the true GF of the
mix
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the same span to depth ratio and the same thickness, B
(Fig. 2). These conditions are met by the two mixes
from which the beams in data sets 1 and 2, and sets
3–5 are made. These conditions were also met by the
TPB and WS specimens in the 10 data sets used by
Abdalla and Karihaloo.
11
In fact, it is a common prac-
tice in the testing of concrete for the specific fracture
energy to use specimens of different depths, W, and
notch to depth ratio, a/W, but having the same span to
depth ratio (for TPB specimens) and the same thick-
ness, B (for TPB and WS specimens).
It is clear from the results in Table 1 that even for
the same concrete mix, the value of GF varies with the
span to depth ratio. This is seen from Fig. 7 which
shows the data sets 7–10, 11–14 and 15·18. Each
quartet of these data sets is for the same concrete mix
but the GF has been obtained from TPB specimens
differing by the span to depth ratio.
GF decreases with an increase in span to depth ratio
up to a value that depends only on the maximum size
of the aggregate used in the mix. Beyond this value of
the span to depth ratio, GF remains a constant. For the
maximum size of aggregate da < 10 mm, this happens
at a span to depth ratio of 4, but for 10 mm , da < 20
mm the ratio is closer to 7–8. Thus, the true specific
fracture energy GF of a concrete mix can only be
obtained when the span to depth ratio of the TPB speci-
mens is equal to, or greater than, 4 depending on the
maximum size of the aggregates in the mix.
The results for the mix with da ¼ 14 mm are rather
odd. It is generally known that GF increases with an
increase in da, as is also confirmed by the results
for mixes with da ¼ 10 and 20 mm (sets 7–10 and
15–18). The expected result for mix with da ¼ 14 mm
is somewhere between that for mixes with da ¼ 10 and
20 mm. This is not the case for sets 11–14 (Table 1),
so that it is very likely that the minimum required span
to depth ratio increases with increasing da in the range
10 mm , da < 20 mm, rather than being constant at
7–8, as found above.
The minimum span to depth requirement was met by
the specimens used by Abdalla and Karihaloo
11
for
mixes with da ¼ 10 mm. However, it is not met by
some of the data sets used in the above re-evaluation.
The S/W ratio of the specimens in data sets 1 and 2
is only 3·75 for a mix with da ¼ 19 mm, whereas it
should be nearer 8 in order to obtain true GF . Not
surprisingly, the GF based on S/W ¼ 3·75 is about 160
N/m, whereas the true GF would be about 95 N/m,
judging by Fig. 7 for da ¼20 mm.
Similarly, the S/W ratio of the specimens in data sets
3–5 is only 6 for a mix with da ¼ 20 mm. For the
same mix, the S/W ratio is 7·14 in data set 6, which is
closer to the required S/W ratio for a mix with da ¼ 20
mm (Fig. 7). Therefore, the true GF of concrete mix of
sets 3–6 is nearer to the value for set 6 rather than sets
3–5, i.e. it is nearer to 120 N/m rather than 130 N/m.
Likewise, the true GF value of concrete mix of data
sets 7–10 with da ¼ 10 mm is that given by set 7 (see
Fig. 7), that of the mix of data sets 11–14 with da ¼
14 mm is given by set 11, and that of the mix of data
sets 15–18 with da ¼ 20 mm by set 15.
As is to be expected, the true GF of a concrete mix
depends on mix parameters, namely water to cement
ratio, cement content and the texture of coarse aggre-
gates. For example, GF obtained from tests on speci-
mens of identical geometry decreases with increasing
water to cement ratio both when rounded (sets 19–22)
and crushed river gravel (23–26) is used in the mixes,
as can be seen from Fig. 8. Note, however that the true
GF of each of the mixes will be smaller than the value
shown in Table 1 and Fig. 8 because the span to depth
ratio of the specimens was only about 6, whereas it
should be in the range 7–8 for da ¼ 20 mm.
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Fig. 7. Variation of GF with the span to depth ratio S/W for
mixes differing by the maximum size of coarse aggregates da
in the mix
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Conclusion
Based on the re-evaluation of 26 test data sets and
on the 10 data sets of Abdalla and Karihaloo,
11
cover-
ing concrete mixes with compressive strengths ranging
from 24 to 100 MPa, the following conclusions can be
drawn.
(a) The true specific fracture energy GF of a concrete
mix can be determined by testing just a few (say,
10) specimens of the same shape and overall di-
mensions (depth W, thickness B, and span to depth
ratio S/W in the case of TPB). One half of the
specimens must contain a very shallow starter
notch (a/W < 0·1 for TPB) and the other half a
deep starter notch (a/W > 0·50 for TPB). The span
to depth ratio of TPB specimens must be equal to,
or greater than, 4, if the maximum size of the
aggregates in the mix da < 10 mm, or 7–8 if 10
, da < 20 mm.
(b) The method described here greatly simplifies both
the testing and the calculation procedures and gives
the true specific fracture energy GF of the mix
provided the restriction on the minimum S/W ratio
is met.
(c) If the span to depth ratio of TPB specimens is less
than the above minimum value, then the predicted
GF will be larger than the true value.
Appendix
The Appendix follows opposite
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Fig. 8. Variation of GF with water to cement ratio and texture
of coarse aggregate (o-crushed river gravel CRG; x-rounded
river gravel RRG)
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